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‘ WHAT'S COVERED

In this lesson, you will learn how to solve an absolute value inequality. Specifically, this lesson will cover:
1. "Less Than" Absolute Value Inequalities
2. "Greater Than" Absolute Value Inequalities
3. Solving Absolute Value Inequalities

4. No Solutions or All Real Solutions

1. "Less Than" Absolute Value Inequalities

When an inequality has an absolute value we will have to remove the absolute value in order to graph the
solution or give interval notation. The way we remove the absolute value depends on the direction of the
inequality symbol. Recall that absolute value is defined as the distance from zero.

& EXAMPLE Consider x| <2,

Another way to read this inequality would be the distance from zero is less than 2. So on a number line, we

will shade all points that are less than 2 units away from zero.
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This graph looks just like the graphs of the three-part compound inequalities! When the absolute value is less
than a number we will remove the absolute value by changing the problem to a three-part inequality, with the

negative value on the left and the positive value on the right. So in the example above, x| <2 pecomes

—2<x <2 asthe graph above illustrates, and can be expressed with the following formula:



& FORMULATO KNOW

Absolute Value Inequalities - Less Than
lax+bl<c= -c<ax+b<c

BIG IDEA

If the absolute value inequality is "less than" or "less than or equal to", we can rewrite the inequality:
« Original inequality: 1xI <a

e Rewrite as; ~@<X<da

The inequality =@ <X <0 js a type of "AND" compound inequality.

2. "Greater Than" Absolute Value Inequalities

Let's look at a case when the absolute value inequality is "greater than".

& EXAMPLE Consider x| >2,

Absolute value is defined as the distance from zero. Another way to read this inequality would be the
distance from zero is greater than 2. So on the number line, we shade all points that are more than 2 units

away from zero.

This graph looks just like the graphs of the OR compound inequalities! When the absolute value is greater than
a number we will remove the absolute value by changing the problem to an OR inequality, the first inequality
looking just like the problem with no absolute value, the second flipping the inequality symbol and changing the
value to a negative. So x| >2 becomes X > 2 or X< = 2 as the graph above illustrates, and can be expressed

with the following formula:

& FORMULATO KNOW

Absolute Value Inequalities - Greater Than
lax+b|>c=ax+b<-¢c OR ax+b>c¢c

BIG IDEA



If the absolute value inequality is "greater than" or "greater than or equal to", we can rewrite the inequality:
« Original inequality: 11> a

e Rewrite as:X>a OR x< -a
This inequality X > @ ORXx<-ajsq type of "OR" compound inequality.

& TRYIT

Rewrite each absolute inequality into inequalities you can solve.

|3x+4| >8 3x+4>8 OR 23x+4< -8
[12x-8] <9 -9<12x-8<9
[10—-5x| <2 -2<10-5x<2
[21+x| =35 21+x>35 OR 21+x<-35

3. Solving Absolute Value Inequalities

We can solve absolute value inequalities much like we solved absolute value equations by following these

steps.

& STEPBYSTEP

1. Make sure the absolute value is isolated on one side.

2. Remove the absolute value by either making a three-part inequality if the absolute value is less than a

number, or making an OR inequality if the absolute value is greater than a number.

3. Solve the inequality.

Remember, if we multiply or divide by a negative the inequality symbol will switch directions!

@ EXAMPLE Solve the inequality |4x —5] 26, graph the solution, and give interval notation of the solution.

l4x—5] 26 Absolute value is greater than, use OR

dx—-526 OR 4x-5< -6

Solve by adding 5 to both sides in both inequalities
+5 +5 +5 +5

4xz211 OR 4x< -1 pjvide both sides by 4 in both inequalities
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L Our Solution
4 4

Graph both inequalities.

[
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Interval notation: {‘ 00, - E]U[T.OC)

For all absolute value inequalities, we can also express our answers in interval notation which is done the

same way it is done for standard compound inequalities.

& EXAMPLE Solve the inequality -4-3[x| < - 10, graph the solution, and give interval notation of the

solution.

-4-3|x| < -10 First add 4 to both sides to isolate the absolute value
+4 +4

-3[xI< -6  Divide both sides by ~ 3. Dividing by a negative switches the symbol!

3 -3

1xI>2  Absolute value is greater than, use OR;

Xx>2 0OR x< -2 oursolution

Graph both inequalities.
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Interval notation: (- 22, -2)U(2,00)

In the previous example, we cannot combine -4 and -3 because they are not like terms, the -3 has an

absolute value attached. So we must first clear the -4 by adding 4, then divide by -3. The next example is



similar.

& EXAMPLE Solve the inequality 9-2]|4x+1|> 3, graph the solution, and give interval notation of the

solution.

9-2[4x+11>3  suptract 9 from both sides
-9 -9

-2|4x+11> -6  Divide both sides by - 2. Dividing by negative switches the symbol!
-2 -2

l4x+11<3  Absolute value is less than, use three part inequality

“3<4x+1<3  gyptract 1 from all three parts
-1 -1 -1

'_‘Hf ‘2 Divide all three parts by 4

4 4 4

qex< % Our solution

Graph both inequalities.
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Interval notation: [‘ 1|5]

In the previous example, we cannot distribute the -2 into the absolute value. We can never distribute or
combine things outside the absolute value with what is inside the absolute value. Our only way to solve is to
first isolate the absolute value by clearing the values around it, then either make a compound inequality
(either a three-part inequality or an OR inequality) to solve.

4. No Solutions or All Real Solutions

Itis important to remember as we are solving these equations, the absolute value is always positive. There are
cases where there is no solution to the inequality or all real numbers are the solution:



o No Solutions: If we end up with an absolute value is less than a negative number, then we will have no
solution because absolute value will always be positive, greater than a negative.
o All Real Solutions: If the absolute value is greater than a negative, this will always happen. Here the answer

will be all real numbers.

@ EXAMPLE Solve the inequality 12+4[6x—1] <4 graph the solution, and give interval notation of the

solution.

12+4]6x -1l <4  syptract 12 from both sides
12 —12

416x-11< -8  Djvide both sides by 4

4 4

I6x—11< -2 Absolute value can't be less than a negative, NO SOLUTION

Graph showing no solution.

Interval notation: No Solution or @

& EXAMPLE Solve the inequality 5—6lx+T7l <1 & graph the solution, and give interval notation of the

solution.

5-6lx+71<17  subtract 5 from both sides
-5 -5

-6lx+71 <12 Divide both sides by - . Dividing by a negative flips the symbol!

6 -6

lx+712 -2 Absolute value is always greater than negative, ALL REAL NUMBERS

Graph showing all real numbers as solution.
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Interval notation: All Real Numbers or B

SUMMARY

"Less than" absolute value inequalities can be rewritten as "AND" compound inequalities, where our
expression and our absolute value sign is bound between the negative and positive values of this
quantity. "Greater than" absolute value inequalities can be written as "OR" compound inequalities,
where your expression inside your absolute value sign is going to be less than the negative of this
quantity, or it's going to be greater than the positive value of this quantity. When solving absolute value
inequalities, remember to first isolate the absolute value, then remove the absolute value by either
making a three-part inequality if the absolute value is less than a number, or making an OR inequality if
the absolute value is greater than a number. There are also some instances where there is no solutions

or all real solutions.

Source: ADAPTED FROM "BEGINNING AND INTERMEDIATE ALGEBRA' BY TYLER WALLACE, AN OPEN
SOURCE TEXTBOOK AVAILABLE AT www.wallace.ccfaculty.org/book/book.html. License: Creative Commons
Attribution 3.0 Unported License

& FORMULAS TO KNOW

Absolute Value Inequalities - Greater Than
lax+b|>c=ax+b>c OR ax+b< -¢

Absolute Value Inequalities - Less Than
lax+bl<c= -c<ax+b<c
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