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WHAT'S COVERED

This tutorial will cover the topic of the binomial distribution. Our discussion breaks down as follows:
1. Binomial Distibution

2. Example

1. Binomial Distibution

Binomial distribution is a probability distribution that follows the binomial setting. A scenario can be considered
binomial if it fits these four criteria:

1. The chance experiment has a fixed number of trials (n), with only two outcomes for each trial, denoted as
"success" and "failure."
2. Each trial is independent of any others. So die rolling, coin flipping, spinning a spinner, all of those are

independent events.
3. There has to be a fixed probability of success on every trial (p).

4. The variable of interest (what you're interested in measuring) is the number of "successes." Typically, this is

denoted as either r or k. We will use the letter k in this tutorial.

Success is a fairly arbitrary term. It could be that losing a gambling bet could be considered a success and
winning could be considered a failure, for instance, for the casino. It doesn't really matter what you call success
and failure, as long as they are complementary events.

Also, you can rig the scenario to have two outcomes, even if there aren't technically two outcomes. For instance,
on a die, there are six outcomes, but perhaps you could call rolling a 5 a success and anything but a 5 a failure.
In that case, you've rigged it so you get two outcomes per trial.

@ EXAMPLE One way to look at this is following the betting of black on a roulette wheel. Recall that there

are 18 black sectors of the total 38 sectors on a roulette wheel.

Assume the gambler bets "black" four times in a row. He might win every time, which would be pretty lucky.
However, he might lose every time. The following tree diagram shows all possible outcomes for betting



four times on a roulette wheel.

W ‘a-"sa Win
m,m in
) B Loss
Y Win " o
Wi /3 Loss< "
in
o Loss
18 H
m,ae 'stn Win /38 Win
183 Loss Vg Loss
207 1935 Wi
o Loss L
Ut Loss
" Wi % Win
/ in
) - 2075 Loss
3 1926 Win - 18 Win
™ Loss - Lisis
Loss N T W
(F in
038 1939 Win <
7, Loss
Loss )
38 Wi
L Loss < n
2070 Loss
Follow all the different scenarios:
0 Wins
‘Efaa Win
m<wm ﬁ Loss
" Win
/f 18 Wi
0] 38 in
Win * Loss?mw
2. 18}, . %3 Win
87,0 £ Loss <Wln ﬁ Loss
nl’gs . 38 Wil’l
Loss
-ﬁ Loss
1. Win
18 i
) <Wm % Loss
3 18 Win 18 .
e /3 Win
20,
Loss T Lossﬁmss
18, Win
0 L Wi
" Loss < ) %Loss
IB’ "
B Loss m<rvlﬂ
B0 0sS
1Outcome

He might lose all four times, and that would be no fun for him. There's only one way to do that--lose, lose,
lose, and lose.
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4 Outcomes

He might win exactly one time as well. If you take a look above, there are four ways to do that.

Notice that all of these four branches on the tree diagram have the same probabilities on them--18/38
appears once, and 20/38 appears three times on each of these four branches.
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He could also win twice. There are six ways to do that. He could win twice in a row, then lose twice in a row
or he could lose-win, lose-win. Notice that regardless of which yellow branch you travel, 18/38 appears
twice, and 20/38 appears twice.
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4 Outcomes

They might also win three times. If you can see what we're going for--18/38 appears three times and 20/38
appears once. That happens on four branches of the tree diagram.
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Finally, the most fun scenario for the gambler: four wins. Now, 18/38 appears four times, and 20/38 doesn't
appear at all, but that only happens one way.

Let's summarize all of this in a probability distribution.

Number of
Wins

Probability Explanation

m(ﬁ)”(&]“ Zero wins only happened once. On that branch, 20/38 appeared four times
38

0
38 in a row and 18/38 did not appear at all.
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1 win happened four times. On each of those four branches, 20/38

appeared three times and 18/38 appeared once.

twice and 18/38 appeared twice.

3 wins happened four times. On each of those four branches, 18/38

appeared three times and 20/38 appeared once.

2(20 )2 2 wins happend six times. On each of those six branches, 20/38 appeared
[ ) 4 wins only happened once. On that branch, 18/38 appeared four times in a

row and 20/38 did not appear at all.

Look at the similarities and differences within these boxes. They all have the number of ways that these
events happened: O wins happens once, 1 win happens four times, etc. In addition, they all have an 18/38.
The first one (zero wins) has 18/38 to the O power. One win has 18/38 to the first power, two wins has 18/38
to the second power, and so on. Notice that's the same O, 1, 2, 3, and 4 as the number of wins. So, trying to
find the number of "k" wins, it will be 18/38 to the power of k.

You may also notice a pattern with the probability of losses. With four turns, or trials, one win had three
losses; two wins had two losses, three wins had one loss, etc. You may notice that the wins and losses in
each turn add up to the total number of trials. We can say that if there are "k" success in "n" trials, this means

there are "n-k" failures.

Based on these similarities, there is a way to calculate the probability of winning a certain number of games.

& FORMULATO KNOW

Binomial Distribution
n _
PX=k) = [ . ]-p"-ﬁ —p)" K

k is the number of successes
n is the number of trials
p is the probability of success

The formula is denoted as: "n, choose k" times the probability of success to the power of k (which means you
want to succeed k times out of n times), times the probability of failure (1 minus p) to the power of the rest of the
trials that weren't successes, n minus k.

"N, choose k" is sometimes notated subscripted ,Cy. It's a number of ways to achieve k successes out of n trials.
One way to find this amount is by creating a tree diagram and counting up the number of ways. However, if
you're using a calculator, most calculators use the command ,C..

® TERMTOKNOW

Binomial Distribution
The distribution of the number of successes that occur within n independent trials of a chance

experiment with two outcomes per trial and p probability of success per trial.



2. Example

TRY IT

What's the probability the gambler breaks even on four turns, meaning he wins twice and loses twice? Recall

that our gambler always bets on black, which has a probability of 18/38.
Using the binomial distribution formula, we need to find k, n, and p and substitute in these values.

k = number of success =2
n =number of trials =4

p = probability of success = ——

P(X=2)=0.373

In four trials, 18/38 is the probability of winning. We knew from our tree diagram that there were six possible
ways, which is equivalent to "4, choose 2". Put all those values in, and you get about a 37% chance of

breaking even.

TRY IT

Five dice are rolled. What's the probability of obtaining no more than one 5. Now, no more than one 5 could
be either zero 5's or one 5. What you need to actually do this time is find the probability that you get no 5's,

and add it to the probability that you get exactly one 5.
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The probability of getting exactly zero 5s is 0.402.

Px=1) = @(%)1(%)4

= .402

The probability of getting exactly one 5is 0.402.



As it turns out, just by sheer coincidence, they're the same number. So, the combined probability of getting

no more than one 5is 0.804.

SUMMARY

Binomial distribution is a probability distribution that follows the binomial setting. There are four parts:

a fixed number of trials, two outcomes for trial, a fixed probability of success, and independent trials.

You can find the probability of a given number of successes using the formula or a calculator.

Good luck!

Source: THIS TUTORIAL WAS AUTHORED BY JONATHAN OSTERS FOR SOPHIA LEARNING. PLEASE SEE OUR
TERMS OF USE.

2 TERMS TO KNOW

Binomial Distribution
The distribution of the number of successes that occur within n independent trials of a chance experiment

with two outcomes per trial and p probability of success per trial.

n FORMULAS TO KNOW

Binomial Distribution
P(X=k) = [ﬂ]-p“-m—m”“‘

k is the number of success
n is the number of trials
p is the probability of success
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